A mapping between circles on a 3-sphere and points on a 2-sphere is well known by topologists as the Hopf fibration. While the 2-sphere is embedded in a 3-space, to visualize the 3-sphere, the 4-dimensional Euclidean space is needed. Visualizations using computer graphics based on their analytic representations became popular in the last decades. Instead, for purely synthetic constructions, we apply the recently introduced method of visualization of the 4-space by its double orthogonal projection onto two mutually perpendicular 3-spaces to investigate the Hopf fibration as a four-dimensional relation without analogy in lower dimensions. In this paper, the method of double orthogonal projection is used for a direct synthetic construction of the fibers of a 3-sphere from the corresponding points on a 2-sphere. The fibers of great circles on the 2-sphere create nested tori visualized in a stereographic projection into the modeling 3-space. The step-by-step construction is supplemented by interactive 3D models showing simultaneously the 3-sphere, 2-sphere, and stereographic images of the fibers and mutual interrelations. Each step of the synthetic construction is supported by its analytic representation to highlight connections between both interpretations.
Introduction
Mathematical visualization is an important brick in the wall of understanding mathematical concepts. Where analytic representations are convenient for proofs and analyses of properties, synthetic visualizations are essential for intuitive exploration and hypotheses making. Four-dimensional mathematical objects, as whole as they may be, are beyond our three-dimensional imagination. However, this in not an obstacle for mathematical description and studying such abstract objects. Furthermore, using modeling tools of computer graphics, we are able to construct image representations of four-dimensional objects to enhance their broader understanding. While many multi-dimensional mathematical objects are natural generalizations of less-dimensional cases, the object of our study -the Hopf fibration, is beyond this border.
The second face of our interpretation is the method of visualization itself. Instead of visualizing an analytic representation of a studied object, we create the object constructively point-by-point directly in a graphical environment. To do so, we use generalized techniques of classical descriptive geometry to create three-dimensional images of four-dimensional objects. Our constructions or models are technically impossible to create with hands, without computer graphics. Therefore the images are placed in a virtual three-dimensional modeling space and the observer is able to reach any point of this space. This may be achieved by manipulation with the view point in the graphical interface.
Therefore, we believe in the existence of two (not necessarily disjoint) groups that could benefit from our paper: members of computer society, for whom we present the method of constructive visualization applied to the example of the Hopf fibration; mathematicians, or students of mathematics, for whom we give the synthetic construction and interactive graphical models for better understanding and further intuitive exploration of the Hopf fibration.
Mathematical background
The Hopf fibration is a topological mapping which can be described in various ways. In the following lines, we give an analytic background, from which we derive necessary information for our synthetic construction.
A 3-sphere is the three-dimensional boundary of a 4-ball in the four-dimensional Euclidean space. It is a natural generalization of a 2-sphere as the two-dimensional surface around a ball in the threedimensional Euclidean space. A fundamental step to describe the correspondence between spheres of different dimensions was introduced by Hopf in [12, 13] . In this paper, we restrict ourselves to 3-spheres, hence the Hopf fibration is a mapping from a 3-sphere (total space T 3 ) to a 2-sphere (base space B 2 ) such that each distinct circle (fiber) on the 3-sphere T 3 corresponds to a distinct point on the 2-sphere B 2 . Oppositely, we can roughly think of a total space T 3 built from circular fibers corresponding to all points on the base space -2-sphere B 2 . Furthermore, inverse images of points on the 2-sphere correspond to non-intersecting linked circles on the 3-sphere. For elementary introduction into Hopf fibration with visualizations see [17, 18, 21] , and for further details and proper proofs in modern topological language see the textbook [10] , Chapter 4.
For the sake of visualization, we follow the direct construction of the Hopf fibration in R 4 , for example in [21] , and additionally we give the complex alternative useful for simple calculations. Therefore, as a valuable by-product, we will obtain not only visualization of objects embedded in R 4 , but also a visual interpretation in C 2 . Although, it is not our aim to give complete proofs of the properties of the Hopf fibration, at least, we give the following explicit reasoning.
At first, we construct mapping that projects point on T 3 to a point on B 2 . A unit 2-sphere B 2 in R 3 is the set of points given by the equation
A unit 3-sphere T 3 in R 4 is given by the analogical equation
Assuming complex numbers z 1 = x 0 + iy 0 and z 2 = z 0 + iw 0 , we identify C 1 with R 2 as z 1 = [x 0 , y 0 ] and z 2 = [z 0 , w 0 ]. 1 This way, the unit 3-sphere T 3 embedded in C 2 has the equation
Assuming a complex number ζ = x ζ + iy ζ , we can reformulate Equation 1 of B 2 embedded in C × R as follows
Now, let us have a mapping (the Hopf fibration) 2
Let us verify that for the image point [ζ, z] on B 2 , its original point [z 1 , z 2 ] is on T 3 . Substituting ζ = 2z 1 z 2 and z = |z 1 | 2 − |z 2 | 2 into 4 it holds
Next, we discuss how to create a circle from a point on T 3 such that its image is a fixed point on B 2 . Assume another complex number λ = l 1 + il 2 such that |λ| 2 = 1, i.e. λ represents a point on a unit circle embedded in C 1 . After multiplication of the coordinates of a point [z 1 , z 2 ] on T 3 by λ, we have another point on T 3
The set of all points [λz 1 , λz 2 ] is coplanar in R 4 as could be seen from its parametric representation after the expansion
The last expression defines a set of points on a plane in R 4 through the origin O = [0, 0, 0, 0] with the direction vectors − → u = (x 0 , y 0 , z 0 , w 0 ) and − → v = (−y 0 , x 0 , −w 0 , z 0 ). For |λ| 2 = 1, the set of all points [λz 1 , λz 2 ] is a circle -intersection of T 3 and a plane through its center. Moreover, f maps [z 1 , z 2 ] and [λz 1 , λz 2 ] for |λ| 2 = 1 to the same point on the unit 2-sphere
As a consequence of previous thoughts, the Hopf fibration maps all points of a circular fiber on T 3 to one point on B 2 . In our synthetic reconstruction, we construct the inverse mapping -for a point on B 2 , we find the circle on T 3 . The point on B 2 will be constructed through its angles apparent in the representation of B 2 via its spherical coordinates. Therefore, we find a relation between the spherical coordinates of a point on B 2 and the point [z 1 , z 2 ] on T 3 in the trigonometric representation z 1 = r A (cos α + i sin α) and z 2 = r B (cos β + i sin β) for r A , r B ≥ 0 and α, β ∈ R. For a point [z 1 , z 2 ] on T 3 it holds that |z 1 | 2 + |z 2 | 2 = r 2 A + r 2 B = 1, and so there exist γ ∈ 0, π 2 such that r A = cos γ and r B = sin γ. Then a point on T 3 have the following coordinates in R 4
With the use of this representation, the image f (z 1 , z 2 ) of the point [z 1 , z 2 ] in the Hopf fibration has the first coordinate 
and the second coordinate
Let 2γ = ψ ∈ 0, π and α − β = ϕ ∈ 0, 2π) (assuming mod 2π, and also for all further operations with angles). The coordinates of the image in R 3 are
These are obviously the spherical coordinates of the image on the unit 2-sphere B 2 , and we have also reduced the number of parameters (from three α, β, γ to two ϕ, ψ). Finally, to construct the original point from its image, we substitute ϕ and ψ to its equation on T 3 in R 4 obtaining the so-called Hopf coordinates of a 3-sphere
Represented in C 2 , we have
We will only give a sketch of an idea how to show that two fibers are disjoint (see also in [21] ). Let ε be an (equatorial) 2-sphere with the equation x 2 + y 2 + z 2 = 1 in the 3-space w = 0 (ε = B 2 ), a circle e is its equator x 2 + z 2 = 1, and a point A has coordinates A[1, 0, 0, 0]. The circular fiber c A = λ A A for |λ A | 2 = 1, λ A ∈ C is defined by the rotation of A by λ A in the plane (x, y). 
has, for (z B , w B ) = (0, 0) and so r B = 0, two solutions for λ B : κ = −δ or κ = π − δ. Therefore, c B has only two antipodal points in common with ε. At last, we check, if these points are really not in the (
the circlular fibers c A and c B are disjoint. A reasonable choice to create a map of an ordinary 2-sphere (e.g. a map of a reference sphere of the Earth) is to perform its stereographic projection from the North pole onto a tangent plane at the South pole. Despite the distortion of lengths, the measure of angles is preserved (conformal mapping). As a result, circles on the 2-sphere not passing through the North pole are projected to circles, and circles through the North pole become lines. In our analogical four-dimenional case, each point of T 3 is projected via projecting rays through its fixed point -the center of projection, onto a 3-space touching T 3 in the antipodal point. Due to conformity, in a stereographic projection of T 3 to a 3-space, all the circular Hopf fibers are projected to circles apart from the fiber through the center of projection, which projects to a line. We have already shown that the inverse images of points on B 2 in the Hopf fibration are disjoint circles. Moreover, in the stereographic projection these disjoint fibers are projected onto linked circles (or a line) (see [17] ). Assuming a great circle on B 2 , its inverse image in the Hopf fibration projects to a family of disjoint circles on T 3 , and these are projected in the stereographic projection to a torus. 3 Consequently the stereographic images of all the fibers create nested tori, see [22] for Lun-Yi Tsai's exquisite artistic geometric illustrations.
Related work
Due to the use of a 3-sphere embedded in R 4 or C 2 , the construction of the Hopf fibration is usually performed in an abstract algebraic language. However, recent research in computational geometry and graphics based on analytic representations brought partial video animations of the mapping or models of stereographic images and visualizations in various software, see [1] [2] [3] 6, [14] [15] [16] . The visual aspect is strongly accented in [9] (pp. 80-85 and 386-392) to visualize quaternions on a 3-sphere, and the author also describes them using Hopf fibrations. Visualizations of the Hopf fibrations are used with favour in applications in topology in relation to Heegaard splitting of 3-sphere [5] , with the use of quaternions in physics [19] , and to describe motion in robotics [23] . Black in his dissertation [4] , Chapter 6, showed similar orthogonal projections of tori as do we, and supplemented them with animations. Interactive methods of visualization of 3-manifolds, including tori, embedded in R 4 are to be found in [7, 8, 11, 20, 29, 30] .
In this exposition, we use the language and elementary constructions in the double orthogonal projection described in [24] , and the constructions of sections of four-dimensional polytopes, cones, and spheres published in the consecutive articles [25] [26] [27] .
Contribution
In contrast to previous works on visualizations of the Hopf fibration, where illustrations created from analytic representations were graphical results or explanatory additions, we use interactive mathematical visualization via double orthogonal projection as a tool to geometrically construct the fibration. This way, we introduce the double orthogonal projection of the 4-space onto two mutually perpendicular 3-spaces as a powerful method to visualize a four-dimensional phenomenon -the Hopf fibration, with no analogy in lower dimensions. The provided (analytical) mathematical background depended on the existential definition of the Hopf fibration (points on a circle on a 3-sphere map to a point on a 2-sphere, Equation 5), or we could have used more sophisticated algebraic structures. On the other hand, this approach has given us the solved puzzle, and we can decompose it to pieces to add the missing synthetic aspect. Therefore, we propose an elementary step-by-step construction of the inverse process. From given points on the 2-sphere, we construct fibers of the 3-sphere with the use of only elementary (constructive) geometric tools. On top of that, we construct the resulting stereographic images of the fibers in one complex graphical interpretation. Our constructions (Figures 4-9 ) are supplemented by interactive 3D models in GeoGebra 5 (see online GeoGebra Book [28] ). 4 The final visualizations (Figure10) are created in Wolfram Mathematica for better graphical outcome. Throughout the paper, our synthetic visual 3 Throughout the paper and in contrast to generalized topological definition, a torus addresses to the surface generated by the revolution of a circle about a line in the plane of the circle. 4 The software GeoGebra 5 is used due to its general accessibiity, but any other 3D interactive geometric software may be used for the same outcomes. For the overall understanding we strongly recommend to follow the interactive 3D models simultaneously with the text. approach is supported by the given analytical background to enrich the overall understanding of the Hopf fibration.
Paper Organization
The paper is organized as follows: In Section 2, we briefly describe images of a 3-sphere in the double orthogonal projection and construct its stereographic image. In the main part, Section 3, the synthetic construction of a Hopf fiber on a 3-sphere, corresponding to a point on a 2-sphere is given with only the use of elementary tools. The resulting double orthogonal projection and stereographic images of tori on the 3-sphere corresponding to two families of circles on the 2-sphere are described in Section 4. After the conclusion with perspectives on future work, we attach Appendix with parametrization relevant to figures.
Preliminary constructions 2.1 Double orthogonal projection
The double orthogonal projection of the 4-space onto two mutually perpendicular 3-spaces is a generalization of Monge's projection of an object into two mutually perpendicular planes (see [24] ). Let us briefly describe the orthogonal projection of a 2-sphere into a plane in order to understand the following double orthogonal projection of a 3-sphere into two mutually perpendicular 3-spaces.
In an orthogonal projection, the contour generator of a 2-sphere is a great circle -the intersection of the polar plane of the infinite viewpoint with respect to the 2-sphere (i.e. the plane perpendicular to the direction of the projection through the center of the 2-sphere) and the given 2-sphere. The apparent contour of the 2-sphere is also a circle -the orthogonal projection of the contour generator into the plane of projection (Figure 1) . Therefore, in the three-dimensional case of Monge's projection, we project a 2-sphere γ to disks γ 1 and γ 2 in two perpendicular planes (x, z) and (x, y ). Then the plane (x, y ) is rotated about the x-axis into the plane (x, z) (drawing plane) such that the y -axis is rotated into the y-axis overlapping the z-axis but with the opposite direction. Any point P in the 3-space (x, y, z) is projected orthogonally via its projecting rays to the conjugated image points P 1 (front view) and P 2 (top view after the rotation). The images of projecting rays of P become overlapping line through P 1 and P 2 , called the ordinal line (or line of recall) of P , and it is perpendicular to the x-axis in the drawing plane. In analogy, let us have a 3-sphere in the 4-space ( Figure 2 ). We project it orthogonally into a 3-space. The contour generator on the 3-sphere is a 2-sphere -the intersection of the polar space of the infinite viewpoint with respect to the 3-sphere (i.e. the 3-space perpendicular to the direction of the projection through the center of the 3-sphere) and the given 3-sphere. The apparent contour of the 3-sphere is a 2-sphere -the orthogonal projection of the contour generator (2-sphere) into the 3-space of projection. Thus in the double orthogonal projection both apparent contours in the 3-spaces Ξ(x, y, z) and Ω (x, z, w ) of the 3-sphere Γ, are 2-spheres Γ 1 and Γ 2 , respectively. Then we rotate Ω (x, z, w ) about the plane π(x, z) into the 3-space Ξ(x, y, z) (modeling 3-space), such that the w -axis is rotated to the w-axis overlapping the y-axis but with the opposite direction. After the rotation, we say that Γ has two conjugated images in the modeling 3-space -the Ξ-image Γ 1 and the Ω-image Γ 2 (rotated Γ 2 ). A point in the 4-space is given by its two conjugated images (Ξ and Ω-image) lying on their common ordinal line, i.e. the line of overlapping rays of projection after the rotation in the modeling 3-space perpendicular to π(x, z). Oppositely, let us have a point P with coordinates [x P , y P , z P , w P ] in R 4 . The Ξ-image P 1 [x P , y P , z P ] and Ω-image P 2 [x P , z P , w P ] are synthetically constructed in Figure 3 using true lengths on the coordinate axes. 5 The ordinal line of the point P is perpendicular to π(x, z) through P 1 and P 2 . Moreover, if we interpret the point P to be in C 2 with coordinates P [a P , b P ], then a P = [x P , y P ] is on the complex line generated by the real axes x, y and b P = [z P , w P ] is on another complex line given by z, w. Using the trigonometric representation, we have a P = [r A cos α, r A sin α] and b P = [r B cos β, r B sin β].
Visualization of a point on a 3-sphere
In an orthogonal projection of a 2-sphere into a plane, the points on the 2-sphere are projected to a disk. To show the position of some point in the image, we can draw its circle of latitude (in a plane perpendicular to the direction of the projection). Analogically, when we orthogonally project a 3-sphere into a 3-space, we can locate a point on the 3-sphere by drawing its "2-sphere of latitude" (in a 3-space perpendicular to the direction of the projection). This construction should give us some insight into the visualization of points on tori inside a 3-sphere that will be carried out later.
Let us have a point P on a 3-sphere Γ (Figure 4 ). The point P lies on some 2-sphere σ in a 3-space Σ parallel to Ξ(x, y, z). Since Σ has the same w-coordinate as P , its Ω-image appears as the plane ω Σ 2 through P 2 parallel to π(x, z). The intersection of ω Σ 2 and Γ 2 is a circle σ 2 that is the boundary of the Ω-image of σ. The Ξ-image σ 1 through P 1 is a 2-sphere concentric with Γ 1 and the radius equal to the radius of σ 2 . 
Stereographic projection of a point on a 3-sphere into a 3-space
Let us have a unit 3-sphere Γ with the center S = [0, 1, 0, 1]
We project points of the 3-sphere Γ from its point N = [0, 2, 0, 1] onto the 3-space Ω(x, z, w) : y = 0 that touches Γ at the antipodal point M = [0, 0, 0, 1]. Let us have a point P on Γ with its images P 1 and P 2 ( Figure 5 ). The stereographic image P S of the point P in Ω(x, z, w) is the intersection of the line N P and Ω(x, z, w). The line N 1 P 1 intersects π(x, z) in the point P S1 . The intersection of the ordinal line through P S1 and the Ω-image N 2 P 2 is the desired point P S2 that coincides with P S in the 4-space.
Since the stereographic projection is a conformal mapping, we can also conveniently project the 2-sphere σ through the point P described in the previous section. The stereographic image σ S of the 2-sphere σ is a 2-sphere σ S with the center G S on the ordinal line through the center S 1 of σ 1 . Its equatorial circle g S is the image of the tangent circle g 1 on the sphere Γ 1 of the cone with the vertex N 1 , i.e. the intersection of the polar plane of the pole N 1 with respect to σ 1 and σ 1 . Therefore, with the use of some point on g 1 , we construct the image circle g S of the circle g, and the center G S of g S is the center of the 2-sphere σ S -the stereographic image of the 2-sphere σ. In this section, we extract important properties from the introductory mathematical background and find them geometrically in images of the double orthogonal projection. This way we synthetically construct a circular fiber on a 3-sphere from a point on a 2-sphere with elementary geometric constructions and liberate it from the analytic description. Whereas for computations we used equations of a 3-sphere T 3 with the center in the origin, for the sake of visualization (to differentiate the Ξ and Ω-images), it is more suitable to use a 3-sphere T 3 with the center [0, 1, 0, 1]. Then the 2-sphere B 2 has the center with the coordinates [0, 1, 0] in Ξ(x, y, z). Such translation does not influence properties of the Hopf fibration. This applies for Figures 6-10 and the parametric equations corresponding to visualizations are in Appendix.
Let Q ∈ Ξ(x, y, z) be an arbitrary point on B 2 (Figure 6 ). We will find its Hopf fiber -circle c on 2. Find an angle ϕ: Construct the plane parallel to (x, y) through Q, that cuts B 2 in a circle.
The oriented angle between the radius parallel to the x-axis and the radius terminating in the point Q is the angle ϕ. Step-by-step construction https://www.geogebra.org/m/w2kugajz
3. Construct an arbitrary angle β such that we can graphically add it to ϕ: First, translate ϕ to ϕ in the plane (x, y) with its vertex in the center of B 2 , and the initial side in the direction of the non-negative x-axis. Now choose β with the same vertex and initial side in the terminal side of ϕ . For implementation, it is enough to choose β on the top semicircle, because the antipodal points dependent on β will be on diameters. Additionally, construct α such that α = ϕ + β.
The angles α and β are arguments of some complex points a P = [r A cos α, r A sin α] ∈ (x, y) and b P = [r B cos β, r B sin β] ∈ (z, w) (see derivation of Equation 10).
Find an angle ψ:
Construct the great circle of B 2 through Q with a diameter parallel to the x-axis. Choose a radius in the (y, z)-plane to be the initial side of an angle ψ with the terminal side being the radius through Q.
5.
Construct the moduli of the points a P and b P : Let γ be the half angle of ψ and find its cosine by dropping a perpendicular to the initial side of ψ. The length cos ψ 2 = cos γ is the modulus r A of the point a P . Similarly find the length sin ψ 2 = sin γ on the radius in the direction of the x-axis, which is the modulus r B of b P . 6. Construct points a P and b P : Using the moduli and arguments of a P and b P construct them Step-by-step construction https://www.geogebra.org/m/w2kugajz according to Figure 3. 7. Construct Ξ and Ω-images of the point P : Having a P and b P we finalize the images P 1 and P 2 on the parallels with the reference axes (as in Figure 3 ).
8. Construct the antipodal point P on B 2 : Parallel projection preserves the central symmetry, and the images P 1 and P 2 are the reflections of P 1 and P 2 about the centers S 1 and S 2 of the images of T 3 .
9. Construct the Hopf fiber corresponding to the point Q: The Hopf fiber is a circle c consisting of the locus of points P dependent on β. We have a point construction of P which can be repeated for different choices of β even though, at this point, we comfortably use the GeoGebra tool to draw the locus. The orthogonal projections of c will appear as ellipses (or circles, or segments) c 1 and c 2 .
Manipulating with β in the interactive applet, P moves on its fiber c. Moving with Q ∈ B 2 , the whole fiber c moves on T 3 .
Construction of the stereographic image of a Hopf fiber
To grasp the circular structure of the Hopf fibration, we construct the fibers in stereographic projection. We use the same center of projection and antipodal tangent space Ω(x, z, w) as in Section 2.4. Continuing from the previous construction:
10. Construct a stereographic image of the point P : Let N = [0, 2, 0, 1] be on T 3 , and the 3-space Ω(x, z, w) tangent to T 3 at the point [0, 0, 0, 1]. The intersection of N 1 P 1 with π(x, z) is P S1 . Dropping a perpendicular from P S1 to the line N 2 P 2 gives us the point P S2 that is also the true stereographic image P S .
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. Construct a stereographic image of the fiber c: Now we use the locus tool from GeoGebra again to construct a locus of points P S dependent on the angle β. The stereographic image c S of c is a circle or a line (if c passes through N ).
Again, manipulating with β, P S moves on c S , and changing the position of Q ∈ B 2 , the circle c s changes such that it may cover the whole modeling 3-space. In the following section, we show how to move with Q to obtain Hopf tori. 4 Hopf tori corresponding to circles on B 2 The full exposition of the geometric nature of the Hopf fibration is apparent, when we visualize tori of Hopf fibers corresponding to circles on the base 2-sphere B 2 . With respect to the chosen stereographic projection, we divide the following constructions into two cases. First, we construct the tori on T 3 in R 4 (x, y, z, w) corresponding to circles on B 2 parallel with the plane (x, y) in the 3-space Ξ(x, y, z), and then the tori on T 3 corresponding to circles on B 2 with the diameter parallel to z. Instead of point-by-point constructions, in the following interactive demonstrations, the objects are defined by their parametric representations (see Appendix), and the user can manipulate with sliders of the angles ϕ and ψ.
Hopf torus of a circle parallel to (x, y)
Let us have a point Q on B 2 in Ξ(x, y, z) and a circle k parallel to (x, y) through the point Q (Figure 8a ). From Equation 13 we have the parametric coordinates of points on the circle k given by the angle ϕ for a fixed ψ: Figure 9a shows the double orthogonal projection of the torus κ and its generating circles corresponding to points on the circle k with their stereographic images. 
For the choice ψ = 0 and β = π 2 −ϕ, we always obtain the point [0,1,0,0] lying on the torus µ. This is the center N of the stereographic projection before the translation for visualization purposes, and hence, torus µ always contains a point that is stereographically projected to infinity. See Figure 9b for the full exposition of the double orthogonal projection of the torus covered by its circles and their stereographic images. Figure 10 : A family of circles on B 2 parallel to (x, y) (a) and with a diameter parallel to z (b), the corresponding nested tori on T 3 , and their stereographic projection to Ω(x, z, w). Colors (shades) refer to mutually related objects, in (b) the images of the torus highlighted in red corresponds to the white great circle on B 2 .
Nested Hopf tori corresponding to families of circles on B 2
For each circle k parallel to (x, y)-plane on the 2-sphere B 2 , we obtain a torus κ. In Figure 10a is a model of nested tori κ on T 3 corresponding to circles k on B 2 . In the second case (Figure 10b ), the family of circles m on B 2 with a diameter parallel to the z-axis forms nested tori µ on T 3 . These families of tori cover the 3-space Ω(x, z, w) reparametrized with variables β , ϕ , and ψ as:
Conclusion
With the use of elementary constructive tools in the double orthogonal projection of the 4-space onto two mutually perpendicular 3-spaces rotated into one 3-dimensional modeling space, we have described a synthetic step-by-step construction of a Hopf fiber on a 3-sphere embedded in the 4-space that corresponds to a point on a 2-sphere. The virtual modeling space is accessible in supplementary interactive models created in the 3D geometric software GeoGebra 5, in which the reader is able to intuitively manipulate fundamental objects and grasp the perception of the fourth dimension through two interlinked 3-dimensional models. Furthermore, the Hopf fibers corresponding to a circle on the 2-sphere form a torus, which was demonstrated in two different positions of the circles on the 2-sphere. The tori were projected to synthetically constructed stereographic images into the modeling 3-space revealing the true nature of the Hopf fibration. The final visualizations show how the points of the 2-sphere cover the 3-sphere by their corresponding fibers on the nested tori, and the whole modeling 3-space, when stereographically projected. This way, we have built a mathematical visualization of the Hopf fibration, in which all the related objects are constructively connected, and we can study and explain its properties not dependent on analytic descriptions. However, for verification and implementation, the objects are supported with their parametric representations used in the classical analytic approach. The provided method naturally implies the future work in visualizing different curves on a 2-sphere and their corresponding surfaces generated by their Hopf fibers on a 3-sphere in the 4-space and their corresponding sterographic images in the modeling 3-space. The method of double orthogonal projection is also convenient to visualize and analyze the properties of further 3-manifolds embedded in the 4-space.
Appendix: Parametrization relevant to the figures
We give parametrization in R 4 with (x, y, z, w)-coordinates in the following lines. For the implementation to visualizations in the double orthogonal projection in the modeling space with (x, y, z)-coordinates, we decompose the images such that a Ξ-image has (x, y, z)-coordinates, and an Ω-image has (x, −w, z)-coordinates. 
Further on ψ and ϕ are fixed, and γ = ψ 2 , ϕ = α − β, for β ∈ 0, 2π 
and also the parametrization of the circle c(β) for the variable β. The point P S in Ω(x, z, w) -the stereographic image of the point P from the center N = [0, 2, 0, 1]
2 cos ψ 2 cos(ϕ + β) 1 − cos ψ 2 sin(ϕ + β) 2 sin ψ 2 cos β 1 − cos ψ 2 sin(ϕ + β) 2 sin ψ 2 sin β 1 − cos ψ 2 sin(ϕ + β)
and also the parametrization of the circle c S (β) for the variable β. 
Analogically, a circle m, torus µ with their stereographic images differ to k and κ only by fixing ϕ and the variable ψ .
Figure 10
The stereographic images of the nested tori in Ω(x, z, w) have the following parametric representation (cf. Equation 23):
